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Abstract 
Contact structures on manifolds and Legendrian knots in them are very nat-
ural objects, born over two centuries ago, in the work of Huygens, Hamilton and 
Jacobi on geometric optics and work of Lie on partial differential equations. They 
touch on diverse areas of mathematics and physics, and have deep connections 
with topology and dynamics in low dimensions. The study of Legendrian knots 
is a rich and beautiful subject with many applications. 
This survey is about the application of the newly established “ Convex Surface 
Theory" by Giroux to the classification problems of unknot and positive torus 
knot in the standard tight contact structure in S^. Suppose we are given a 
knot L. Some special surfaces are related to L, for examples, the Seifert disk 
of an unknot or the torus on which a positive torus knot sits. If we put these 
surfaces inside a contact manifold, we will obtain characteristic foliations on them. 
Convexity enables us to reduce the study of these characteristic foliations (often 
quite delicate) to the study of multi curves. These dividing curves turn out to 
be more flexible under contactomorphic deformation. As a result, Legendrian 
unknot and Legendrian positive torus knots in S^ are completely classified up to 
Legendrian isotopy. And as a corollary to this we also obtain the classification of 
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Chapter 1 
Basic 3-Dimensional Contact 
Geometry 
1.1 Introduction 
Contact structure in a 3-manifold is just a non-integrable plane field and the 
study of knots in contact 3-manifolds provides great insight to the geometry 
and topology of 3-manifolds. For example, the study of Legendrian knots (those 
tangent to the contact planes everywhere) has been useful in the classification 
of contact structures in T^ (Kanda [27]) and homology spheres (Akbulut and 
Matveev [2]). Moreover, Rudolph in [37] has shown that invariants of Legendrian 
knots can be useful in understanding slicing properties of knots. In the work of 
Bennequin [32], he used transversal knots (those transversal to the contact planes 
everywhere) to show that R^ has exotic contact structure (a contact structure not 
isomorphic to the standard one). The exotic contact structure was then called 
overtwisted by Eliashberg [6] and it was his insight that tight (non-overtwisted) 
and overtwisted contact structures form a useful dichotomy in three dimension 
contact geometry. 
In addition to its importance in the understanding of contact geometry, the 
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study of Legendrian and transverse knots is interesting in its own right. Ques-
tions concerning Legendrian knots and transverse knots appeared in (Eliashberg 
7]) and (Kirby [29]). Currently there are very few results concerning the classifi-
, cation of Legendrian and transverse knots. In [7], Eliashberg classified transverse 
unknots in terms of self-linking numbers and in [10], Legendrian knots were clas-
sified by their Thurston-Bennequin invariants and rotation numbers. He did it 
by introducing techniques to manipulate the characteristic foliation on the Seifert 
disk of an unknot. In [15], Etnyre extended the classification to positive transver-
sal torus knots. 
Recently, Etnyre and Honda ([19]) have used new method from convex sur-
face theory to do the classification of torus knots and figure eight knots (both 
Legendrian and transversal). Instead of studying the whole foliation structure 
on surfaces, they only study a few special curves using method of convex sur-
face theory established by Giroux in [22], which turns out to be more easy to 
manipulate. 
This thesis aims to introduce part of the results obtained by Etynre and 
Honda in [19], that is, the Legendrian and transversal classificaion of unknots 
and positive torus knots. 
In this chapter, basic facts about contact structures in 3-manifolds are intro-
duced. We will also introduce all the necessary results required in later Chapters. 
Legendrian knots are the main object of this thesis. The space in which we will 
play our Legendrian knots is S^ with the standard contact structure. We use 
£) to denote the standard contact S^. We will show that removing one point 
from will give the standard contact structure in M .^ 
In Chapter 2，we will give an introduction to Legendrian knots in R^. When 
we put a Legendrian knot L in a contact manifold. We have some related sur-
faces such as Seifert surfaces or surfaces on which L sits. The contact planes 
cuts through such a surface and forms a characteristic foliation on it. Manipula-
Legendrian Knot and Some Classification Problems in Standard Contact S^ 12 
tion of characteristic foliation on these surfaces can give information about the 
Legendrian knot (see [7] and [10]). We will also introduce two invariants to help 
distinguish different Legendrian knots. 
On the other hand, Giroux's Convex Surface Theory [22] provides a powerful 
new tool to Legendrian Knot Theory. We will give an introduction to it and state 
the results useful for later chapters in Chapter 3. 
Suppose K is a topological knot type in e). The aim of Legendrian Knot 
Theory is to classify Legendrian knots realizing K up to Legendrian isotopy. In 
Chapter 4，we want to show that the two classical invariants introduced in Chap-
ter 2, the Thurston-Bennequin invariant and the rotation number, are sufficient 
to classify Legendrian unknots and Legendrian positive torus knots. 
Transverse knots and its classification in the standard contact S^ will be 
discussed in the last chapter. We will show that classification of transverse knots 
are equivalent to the classification of Legendrian knots up to stable isotopy. 
1.2 Contact Structure 
Let M be an oriented smooth 3-dimensional manifold and we use TM to denote 
its tangent bundle. We call a 2-dimensional subbiindle of TM to be a plane field 
on M. 
Lemma 1.2.1. Let e C TM be a plane field on M. Locally, e can be written as 
the kernel of a non-vanishing l-form a. 
Proof: Let p be a Riemannian metric on M and let be the orthogonal com-
plement of e in TM in a neighborhood U. Locally, e must be oriented so there 
exist a non-zero section v of e-^. We define the l-form SiS a = iyg u 
Lemma 1.2.2. If e is oriented, the l-form could be defined globally. 
Proof: If e is oriented, the non-zero section v in £丄 as well as the l-form a 二 i”g 
can be defined globally • 
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If e = ker a = ker a' for two different 1-forms a and a,，then a! = fa for a 
nowhere zero function on M. 
Also, we have a' A da' = / a 八(d/ A a + fda) 二 pcx 八 doc, that means either 
all 1-forms in { a G O^M | e = ker a } satisfy a A cfa ^ 0 or none of them satisfies 
this. 
Definition 1.2.3. An oriented plane field e on M is called a contact structure 
if for any 1-form a with e = ker a, we have ol /\ da • 0. Such a 1-form is 
called a contact form. If the manifold M is connected, then either a 八 c^ o： > 0 
or Oi da < 0； in this case ,we call the contact structure positive or negative 
respectively • 
Definition 1.2.4. Two contact structures e and e' are called contactomorphic if 
there is a diffeomorphism f •• M — M such that f*e' = e. Such a diffeomorphism 
is called a contactomorphism • 
Example 1.2.5. Consider (M ,^ (x,y,z)) and a^ = dz — ydx. We have ai/\dai = 
dx A dy A dz ^ 0. Therefore ai is a contact form. The kernel of ai are spanned 
by {dy, dx + ydz}. The contact planes are independent of the x — z coordinates, it 
is enough to look how it behaves along the y-axis. At origin, the contact plane is 
horizontal dx})- At (0，1,0)； the contact plane is still tangent to the y-axis 
but tilled clockwise by 45° ({dy, dx + dz))• As y goes to oo, the contact plane 
twists clockwise until it is vertical at infinity. Moving backward, from y = 0 to 
y = —oo, the plane just twist anticlockwise until it is vertical at y = —oo. 
Example 1.2.6. Consider R^ with cylindrical coordinates z) and the 1-form 
a2 = dz r^d9 = dz + xdy — ydx. Since a2 八 da) — 2rdr /\ d0 /\ dz + thus 
S2 = ker 0；2 is a contact structure in R^. At (r, G, z), the contact plane is spanned 
by {dr,r^dz — de}. So when r = 0, €2 is horizontal As we move out on any 
ray perpendicular to z-axis, £2 will twist in a clockwise manner. This example is 
similar to the previous one except that everything is symmetric about the z-axis. 
Legendrian Knot and Some Classification Problems in Standard Contact S^ 12 
The contact structures in Example 1.2.5 and Example 1.2.6 are contactomor-
phic by the diffeomorphism {x, y, z) h ^ \ ^ ― z — 
Example 1.2.7. Consider {r,0,z)) and a^ = cosrdz + r sinrd9. We have 
COS T sin T cos v sin t 
as Adas = (H )drAd6Adz — 0 (since H > 0). Therefore Qs 
is a contact form. The contact plane is horizontal along z-axis and as we move 
out on any ray perpendicular to the z-axis the planes will twist in a clockwise 
manner. The planes will twist 90° by the time we get to z = As we move out 
on any ray £3 will make infinitely many full twists as r goes to 00. 
This contact structure is called overtwisted and is fundamentally different 
from the previous two examples. 
Example 1.2.8. Consider S^ C M^  with coordinates (0:1,^ 1,0:2,2/2) and qq 二 
xidyi — Didxi + X2dy2 — y2dx2. Let r be the radial coordinates on M^. We have 
ao A dao A rdr == —2r"^dxi 八 八 dx2 A 0 i /r ^^  0. Since dr |沪=0，we have 
ao A dao Isa^ 0 which means that ker a。is a contact structure on S^. We call Eq 
the standard contact structure of S^ and it is the main concern in this paper. 
Theorem 1.2.9. The standard contact structure of S^ in Example 1.2.8 removing 
a point is contactomorphic to (M^, £2) i^i Example 1.2.6. 
Proof: Regard S^ as the unit sphere in C^ with coordinates (2;, w). We identify 
with C X M C C X C with coordinates ((，s) = (C, Re a) where ( = Xi + iyi 
and a = X2 iy2 = s + ilm a. Then 
a2 = ds + Xidyi — yidxi 
= d s + ' - m - c d o 
and 
ao = xidiji - yidxi + 0:2办2 _ 2/2^ 2^ 
=-{zdz - zdz + wdw — wdw) 
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Consider the map / i C ^ - C x { - 1 } C^ - C x {—|} defined by 
” �7 f \ (艺 iw-1 
( c , … = / ( — = ( Y ^ ’ ] 〜 ） 
which is a biholomorphic map with inverse map 
( (，— ( r ^， !：： ^ ) . 
Now for {z,w) e S^ - { ( 0 ’ - 1 ) } , we have 
T 1, I w — I 1 历一 1 � 
Im cr = - (— + - ) 
2 �2 w ± l 2^+ r 
= 2 ( 1 + H 2 ) 
2 ^ 
( 2 ~ 
Conversely, any point (C, cr) with Im a = —— lies in the image of f |_53_{(o，_i)} 
A 
since 
2 2 2C 2 1 + 2 
H + M 二 1 V + 1 ^ 
1 — 2ia 1 — 2ia 
_ 1 —4Ima + 4H2 + 4C|2  
- l + 4Im cr + 4|(7|2 
= 1 
~ C 
Thus f = /丨s3_{(o’_i)} is a diffeomorphism onto the hypersurface {Im a — }. 
Note that the hypersurface is the graph of the smooth function (xi,?/i,5) 1— 
{xi ,yi ,s , ~ - ) , therefore {Im a = - — } is diffeomorphic to our E^ = C x R c 
^ Id 
Now consider the projection map P : C^ - C x — C x M defined by 
a) = (C, Re cr). The composition F = P o / is a diffeomorphism between 
v i 21) — 1 
{(0, - 1 ) } and IR3 = (C X R. Actually, F(z,w) = R e F ; ^ ^ ^ ) ) = 
2； i iu — y] 
( , - ) . W e now show that F is our required contactomorphism. 
We have 
idw idw i{w — w dw l{w — w) dw 
s = ~2|l + w;|2 + + 2(1+1/;) + 2 ( 1 + 对 |l + 7i;|2 
i , , . w — w . — w 
=— 7:{—dw + aw + dw dw) 
+ li-w l-\-w ‘ 
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and 
1 . ^ _ , , 2/ — dW \� 
= 7:[zaz — zdz + 2 (- )). 
At we have 
Z|2 = 1 — |t(;|2 = (1 - + 研 ) + (ly —面 ) = ( 1 — w)(l + w) - {w -w) 
and 
„ 9, dw dw . h , w — w ^ . w — w , 
Z ( ) = (1 — w)dw — dw — (1 — w)aw — aw, 
therefore we have F*a2 = — n(zdz — zdz + wdw — wdw) = a �• 
21 +w ^ 
As a corollary, the contact structure (R^, Si) in Example 1.2.5 is also contac-
tomorphic to the standard contact structure in S^ — {p } and will be called the 
standard contact structure in We will say something more about the standard 
contact structure of S^ in Section 1.5. 
1.3 Darboux's Theorem 
Darboux's Theorem says that all contact structures look the same at every points. 
Darboux's Theorem: Let (M, e = ker a) be a contact manifold and p e M, 
then there are coordinates (x, y, z) on a neigbourhood U C M oi p such that 
a\u = dz — ydx. 
Proof [21]: We may assume without loss of generality that M = M.^ and p 
is the origin of R^. Choose coordinates z) such that on TpR^ we have 
a{dz) — 1，id^da = 0’ then ker a is spanned by {px, dy) and dn = dx /\ dy. 
Consider the one parameter family of 1-forms 
at = { 1 - t){dz - ydx) + ta, t G [0,1], 
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on The above choice of coordinates ensures that at 三 Q;，cb;t 三 dcx at the 
origin. Hence at are contact form for all ^ in a small neighborhood of the origin. 
We now want to find an contact isotopy ipt of a neighborhood of the origin, i.e. 
ip^at = ai. We will use the Moser trick ([21]) to find ipt which is described below. 
We assume ipt is the flow of some time-dependent vector field Xt. Differentiate 
j^^ lat = ao, we have 
拟 + Lx^ cy-t) = 0, 
so Xt needs to satisfy 
dt + d[at{Xt))^-ixtd(^t = ^- (1) 
For any contact form a we have the so-called Reeb vector field R^, defined by 
the equations 
iRc^ da = 0， 
a(Ra) = 1. 
Write Xt = HtRat + ^t with Yt G ker Then (1) becomes 
dt + dHt + ivtdat = 0. (2) 
Putting Rat to (2) gives 
dt{Rat)-^dHt{Rat) = 0. (3) 
On an neighborhood of the origin, a smooth family of functions Ht satisfying (3) 
can always be found by integration, provided that the neighborhood are small 
enough such that none of Rat has closed orbits inside. Since df is zero at the 
origin, we may assume that Ht{0) = 0 and dHt\o = 0 for all t. Once Ht has been 
chosen, Yt is defined uniquely by (2). Notice that with our assumptions on Ht we 
have Xt(0)三 0. 
Now define 如 to be the local flow of Xt. This local flow fixes the origin, so 
it is defined for all t € [0，1] at origin. Since the domain of definition in R x M 
of a local flow on a manifold M is open, ipt is defined for all t G [0,1] on a small 
neighborhood of the origin. This concludes our proof • 
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1.4 Characteristic Foliation 
Let S be an embedded oriented surface in a contact manifold (M, e). We fix an 
orientation on e = ker a. At each point p of E consider the oriented line field 
Ip Sp 门 Tp^^, 
We obtain a singular foliation by integrating this line field. We call this singular 
foliation the characteristic foliation of S, and is denoted by Eg. 
Example 1.4.1. Let E be the disk of radius tt in (M ,^ ker (cos rdz-\-r sin rdO)). As 
shown on the left hand side in the following figure, the center of H is a singular 
point and each point on the boundary of E is also a singular point. Let be 
E with its interior pushed up slightly. Now the singularity in the characteristic 
foliation is at the center point. The boundary of E' is now a closed leaf in the 
foliation. See the right hand side of the following figure • 
Fig 1.1 
Any surface E may be perturbed by a isotopy so that its characteristic 
foliation has only generic isolated singularities looks like one of the followings. 
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Fig 1.2 
The singularity on the left hand side is called an elliptic point and that on the 
right hand side is called a hyperbolic point. 
We have the following theorem due to Giroux. 
Theorem 1.4.2. [22] Suppose the embedded surface E is closed. Any two contact 
structures near E inducing the same oriented singular foliation on E are equiv-
alent by a contactomorphism cj) defined on a neighborhood of E. Moreover (j) is 
identity on E and is isotopic to the identity by an isotopy fixed on S. 
Proof: The surface E has a tubular neighborhood U which is diffeomorphic to 
R X I； with {0} X E = E C [/. Assume ao and ai are contact forms defined near 
E on [/ = M X E inducing the same characteristic foliation on S. We also assume 
ao and ai induce the same orientation on R x E. Use j : {0} x H ^ E x E to 
denote the inclusion map. Let a be an area form on S and y be a vector field 
on E generating the characteristic foliation. Then 
foiQ = iy(cr) and fax = i/y(cr), 
for some nowhere vanishing function / on E. Since we are interested in the 
contact structures only, we can multiply ai with and assume f 三 1. Writing 
c^ o = A + Utdt and ai = pt + Utdt, 
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where t denotes the coordinate on R, Ut is a function and ft is a l-form on E, we 
then obtain 
Po = fc^o = fai = Po-
We compute: 
ao A dao = (A + Utdt) A {d(3t ——^ /\dt + dut 八 di) 
=Pt A dPt - /\dt +Pt/\ dut /\dt + Utdt A d(5t 
= (一历 A ^ + A A dut + UtdPt) A dt. 
The fact that ao defines a contact structure implies 
which are area forms on E for all t. Similarly, for Qi, we have 
that are also area forms on E for all t. Since ao and ai induce the same orientation 
on M X E, both at and at induce the same orientation on S for all t. We now 
define a one-parameter family of 1-forms 
as = (1 - 5)ao + sai 
= P t + ((1 - s)ut + sutdt + s(A - pt). 
We claim that all are contact form on a sufficiently small neighborhood of 
{0} X E in R X E. It suffices to verify that A das\t=o + 0 for all s G [0，1]. We 
compute: 
as 八 dois = (1 — s)2q;o a daQ + s^ai 八 cb^ i + s(l — s)(ao A da! + ai A dao), 
and 
(Qo A dai + ai A dao)\t=o = (f^ o + ^^ o)八 dt, 
so that 
as 八 = [(1 — 5)<7o + S(7o] A dt 
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which it does not vanish anywhere. 
Lastly, we define a time-dependent vector field Fg near S by 
ivsC^ s = 0 
and 
. , , . d a s � das 
where Xg is the Reeb field of as (see the Moser trick in page 13). Ys defines 
a one-parameter family of local diffeomorphisms 4>s near E having the property 
that 4>0 = id�(a;) = a; for x G E and (l)lsi = £ � • 
We also have the following result due to Eliashberg. 
Theorem 1.4.3. [8] If F is a singular foliation on S"^ that is induced by a tight 
structure, then there is a unique (up to isotopy fixing the boundary) tight contact 
structure e on B^ such that {dB^)^： = F. 
1.5 More About S^ with The Standard Contact 
Structure 
A contact structure s on M is called overtwisted if there is an embedded disk 
D whose characteristic foliation is homeomorphic to either one shown in Fig 1.1. 
Such a disk is called an overtwisted disk. A contact structure is called tight if it 
does not contain an overtwisted disk. 
Theorem 1.5.1. (Eliashberg [8]) Letip : S^ ^ S^ be a contactomorphism between 
two tight contact structures in S^. Then there is a family of contactomorphisms 
tpt ' S^ ^ G [0,1] with ipo the identity map and ipi — ip. 
A symplectic structure on a smooth manifold TV is a closed 2-form u e 
such that Up is a nondegenerate skew-symmetric bilinear form on TpN, \/p G N. 
We then call (JSf, u) a symplectic manifold. 
Legendrian Knot and Some Classification Problems in Standard Contact S^ 12 
A contact manifold (M, £：) is symplectically fillable if there exists a compact 
symplectic 4-manifold {N,u) such that dN = M and cj|e > 0. 
A useful criterion for tightness is the following theorem of Gromov and Eliash-
berg. 
Theorem: (Gromov-Eliashberg [9] [24]) A symplectically fillable contact struc-
ture is tight • 
Theorem: The standard contact structure in S^ is symplectically fillable and 
thus is tight. 
Proof: Use e to denote the standard contact structure in S^. Let B^ be the unit 
ball in with coordinates (工i,yi,X2,y2)- Then S^ = dB^ and to = dxi 八 dyi + 
dx2 A dy2 二 da is the standard symplectic form on B^. 
Let (Yi, Y2) be a positive basis of Sp. Here p is an arbitrary point on S^. Let 
X = (—pi,xi, —1)2^X2). Then a{X) 二 1 > 0 (X, Yi,>2) is a positive basis for 
TpS\ By definition of positive contact form, we have 
a^da{X,YuY2) > 0 
a(X) 'da(VuV2) > 0 (since a(Yi) = a(Y2) = 0) 
力 cj(yi，y2) > 0 
Uj\e > 0 
Thus (»?3，£) is symplectic fillable • 
Theorem: S^ has exactly one tight contact structure, that is, any tight contact 
structure in S^ is contactomorphic to the standard one. 
Proof: We claim that any two contact structures in S^ are equal. First, by 
Darboux's Theorem, they will agree in a neighborhood of a point. An embed-
ded sphere B inside these neighborhoods will have same characteristic foliations 
which then by Theorem 1.4.3, imply the two contact structures agree outside the 
embedded sphere • 
Chapter 2 
Legendrian Knots 
Legendrian knots in S^ with the standard contact structure are our main objects. 
We show in Theorem 1.2.9 that removing one point will give us the contact 
structure in M^  defined by a = dz — ydx. In this chapter, we will use e to denote 
this standard contact structure in S^ or R^ and we will give an introduction to 
Legendrian knots in (R^, e). 
2.1 Basic Definition 
A knot L in (M ,^ e) is called a Legendrian knot if it is tangent to the contact 
plane everywhere, i.e. TxL C £x,\fx G L. We will consider oriented Legendrian 
knots only, so without being further mentioned, all Legendrian knots are oriented. 
Let 7 : ^ R^ be a C°°-regular parametrization of L, here S^ has an 
orientation compatible with L. The condition of L being tangent to e can be 
expressed as 
^ {dz-ydx){x'{e),y'{e),z\e)) = 0 
^ z'{e) y{e)x'{e) = o . 
Two Legendrian knots L and L' are said to be Legendrian isotopic if there 
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exists an isotopy ht : S^ x [0,1] R^ such that ho{S^) = L,hi{S^) = L' and 
ht[S^) are Legendrian knots for all t. We will classify Legendrian knots up to 
Legendrian isotopy. 
2.2 Front Projection 
We can visualize our Legendrian knot L by the projection map tt : R^ R^^ 
where R ^ = {(x, 0,2：) E M^}. The image 7r(L) will be called the front projection 
of L. Since L is Legendrian, = tt o 7 == (x, 2;) is a parametrization of 7r(L). 
Theorem: The front projection has the following properties. 
1. It has no vertical tangencies (in the direction of 么). 
2. After a C°° small Legendrian perturbation of our knot, we can assume x' = 0 
only holds at isolated points which we call cusps, and at there we have x" + 0. 
That means ^^^ is an immersion except at a finite number of points. 
3. Near each isolated cusp, we could assume L is parametrized by ^{9) = + 
20S 
a, b沪 + c, —b{ h aO^) + d) with b 一 0, i.e. the front projection near a cusp will o 
be of the following form which justifies the naming of such points. 
z 
X 
Fig 2.1 The cusp of a front projection. 
Proof: 1. The Legendrian condition is z' — yx' 二 0. Hence x' = 0 forces z' = 0, 
so 77r cannot have any vertical tangencies. 
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2. Any function on a compact set can be approximated by another 
function which has isolated zeros with derivatives not equal to zero at there. So 
we first find a small perturbation of x to have the desired properties. We left 
y unchanged and then integrate —yx' to get z. 
3. At a cusp, we have x' = z' = 0, since 7 is an immersion, this forces y' ^ 0, so 
7 can be parametrised by the y coordinate, we may choose the curve parameter 
0 such that the cusp lies at 没= 0 and y(9) = 6 a. Since a;"(0) ^ 0 by 1., we 
can write x{d)=没没）+ a;(0) with a smooth function g[9) satisfying 5r(0) • 0. 
An approximation of by a function h{6) with h(6) = g{0) for 9 near zero and 
h{9) = g{9) for \6\ greater than some small (5 > 0 gives a C^ approximation of 
x{9) with the desired form. Then we just integrate —y{9)x{9) to get the desired 
m置 
The converse of this theorem is also true. 
Theorem: Suppose f = (x, z) is an immersion of S^ into R^ with a;' = 0 at 
isolated cusps and at these points x" + 0. Then there exist a unique Legendrian 
knot L whose front projection is 
z'(0) 
Proof: Away from the cusps, 7 = {x, y, z) can be defined as y(9) = f'{9)= . 
a: [u) 
2；'(0) 
If x'{9o) = 0，then we take y{9o) to be the limit of at 没 = 0 � • 
Note that as a corollary, any topological knot type K has a Legendrian repre-
sentative. We just take any regular knot diagram for K, make the modifications 
below and use the above theorem to obtain a Legendrian knot. 
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We know that two topological knots are topologically isotopic if and only if 
their knot diagrams are related by a finite step of Reidemeister moves. We modify 
the Reidemeister moves for topological knots to obtain the following 
Theorem 2.2.1. Two Legendrian knots L and L' are Legendrian isotopic if and 
only if their front projections are related by a finite step of the following Legen-
drian Reidemeister moves. 
'iv— > 
Fig2.3 Legendrian Redemeister move, 
also need the corresponding 
figures rotate 180 about the 
3-coordinate axis. 
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2.3 Classical Legendrian Knot Invariants 
We now introduce the two classical Legendrian invariants. 
2.3.1 Thurston-Bennequin Invariant 
Let N be the normal bundle of a Legendrian knot L. A fixed identification 
of N with L X R2 is called a framing of L. A Legendrian knot has a canonical 
framing given by the intersection 1工=Sx n Nx. The Seifert surface S of L 
also induce a framing on 1/ by n iVx. The Thurston-Bennequin invariant of 
L, denoted tb(L), is defined to be the twisting of I with respect to this Seifert 
framing. When the orientation of L is reversed, both the orientation of the path 
oi I on N and the orientation of N induced from that of L are also reversed so 
the Thurston-Bennequin invariant is independent of the orientation of L. 
An equivalent definition is : Let be a non-zero vector field transverse to e 
along L and let L' be a copy of L obtained by pushing L in the direction of v. 
Then tb{L) is the linking number of L and L'. 
We now compute tb{L) from the front projection. Recall that the writhe of 
an oriented knot diagram is the signed number of self-crossings of the diagram, 
where the sign of crossing are as shown below. 
X X 
Fig2.4 Signs of crossings in a knot diagram 
The vector field = 久 is transverse to e along L. Thus tb{L) is the linking 
of L with a copy L' obtained by shifting L slightly in the z direction. So in the 
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front projection L and L' are as in Fig 2.5. 
Fig 2.5 
The linking number of L and L' is the signed intersection numbers of L crossing 
over L'. At each right (left) handed self-crossing of 7r(L), there is one right (left) 
handed crossing of L over L'. At each right cusp of 7r(L) there is a left handed 
crossing of L over L'. Thus in the front projection 
th[L) = writhe(7r(Z/)) — jj of right cusps. 
Since the Legendrian Reidemeister moves in Theorem 2.2.1 leave the above 
formula unchanged, tb is actually a Legendrian invariant. 
2.3.2 Rotation Number 
The Seifert surface E induce a framing on e\L by T j^E n Sx. Let v he a. non-zero 
vector field tangent to L pointing in the direction of the orientation of L. It lies 
in e\L，use the framing induced by S, we can think of as a path in R^, so 
it has a winding number. This winding number, denoted r(L), is the rotation 
number of L. Note that the rotation number changes sign if the orientation of L 
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is reversed. We can equivalently define r{L) as the obstruction to extend to a 
noz-zero vector field in 
Q 
Let w = — . This is a non-zero section of e and thus can be used to trivialize 
oy 
£\l. The winding number of v with respect to this framing is the same as the one 
with the Seifert framing. On the front projection, v crosses w counterclockwisely 
at downward cusps and crosses w clockwisely at upward cusps thus we have 
r{L) = i(tj of downward cusps — jj of upward cusps). 
Since this formula is unchanged when we perform Legendrian Reidemeister 
moves on front diagrams, rotation number is indeed a Legendrian invariant. 
2.4 Stabilization 
If K is a topological knot type, let L be a Legendrian isotopy class in K. An 
operation called stabilization can be defined on L to obtain another Legendrian 
isotopy class L' of the same topological knot type. It turns out that this operation 
is useful for the classification of Legendrian knots. 
If a strand of 7r(L) is on the left hand side of Fig 2.6, then the stabilization 
of L is obtained by adding two cusps as shown on the right hand size of Fig 2.6. 
- x > 
Fig 2.6 
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If down cusps are added, the stabilization is called positive, denoted S+{L). If 
upward cusps are added, the stabilization is called negative, denoted S- (L). Sta-
bilization is a well defined operation, it does not depend at what point the stabi-
lization is done [20]. Note that 
tb{S±{L)) = tb{L) - 1 
and 
rOS士(L)) = r(L) 士 1. 
Lemma 2.4.1. (Eliashberg [7] [10]) S+{L) U L cobound a disk D in R ,^ called 
positive stabilizing disk, such that 
1. L-dD = S+{L) - dD, 
2. Ln D contains three negative singularities, two elliptic and one hyperbolic, 
3. S+{L) n D contains the same two elliptic singularities and a positive elliptic 
singularity. 
Conversely, if we can find a positive stabilizing disk on a Legendrian knot L, then 




Fig2.7 A stabilizaing disk 
Remarks: 1. Similar discussion holds for negative stabilization. We say a Leg-
endrian knot destabilize if it is another Legendrian knot's stabilization. 
2. D.Fuchs and S.Tabachnikov in [20] also show that 5+(5_(L)) = S-{S+(L)). 
Chapter 3 
Convex Surface Theory 
When we put a Legendrian knot L in a contact manifold. We have some related 
surfaces such as Seifert surfaces or surfaces on which L sits. Manipulation of char-
acteristic foliation on these surfaces can give information about the Legendrian 
knot (Eliashberg [7] [10]). But Giroux's Convex Surface Theory [22] provides a 
powerful new tool to Legendrian Knot Theory. We will give an introduction to 
it and state the results useful for later chapters. 
3.1 Contact Vector Field 
Given a contact manifold (M, e), a vector field is called contact if its flow 
preserves the contact structure. 
If a is a contact form for e, let (j)* be the flow generated by v, i.e. v{x)= 
Q 
then ？; is a contact vector field for e if and only if 
L/ L 
Lya = go. 
for some function p : M —> R. This is because , d 
=压亡以亡=0 
and the flow of v preserves e if and only if ^Ja = gtd for functions gt on M. 
18 
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which implies 
iyda = dH- {dH{Xc,))a 
as required. 
Finally, any vector field v can be written a,sv = w-\- fXa where / is a function 
and It; is a vector field in e. Then the first equation determines f and the second 
equation determines w • 
This lemma says that contact vector fields and smooth functions are in one-
one correspondence. Also, any locally defined contact vector field v can always 
be extended to a globally defined vector field. We can first find H in the domain 
of V, then extend H to the whole manifold and then use the above two equations 
to extend v. 
Given a contact vector field v, we define the characteristic hypersurface C to 
be 
(7 = {a; e M I ？；⑷ e ex}. 
We will call a contact vector field generic if the function is transverse to 0, 
i.e. the set {x e M \ a^ivx) = 0} contains regular points of the function a…) 
only . 
Lemma 3.1.2. (Etnyre [17]) For a generic contact vector field v the character-
istic hypersurface is a non singular hypersurface. Moreover v is tangent to C and 
directs the characteristic foliation. 
Proof: With the notation above C = Genericity implies 0 is a regular 
value of H and hence C is a surface. Recall Lya = ga. Let x e C. Assume w 
generates the characteristic foliation C�i.e. w G T^C A ex. For v ^O^we have 
dax{v,w) = Lya{w) 一 d{iva){w) = ga{w) + dH{w) = 0. 
The contact condition requires da\s — 0, so dax{v,w) = 0 and v,w e £x would 
imply V is & scalar multiple of w. For f = 0, we have 
9{x)ax = {Lya)x = {d{iya))a： = —dHx = 0 
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for vectors tangent to C. Thus ax = 0 on vectors in TxC (or if ax does not vanish 
on some vector tangent to C, then we must have g{x) = 0 which implies dH^ 三 0 
and contradict to the genericity oft;). Therefore singularities in Ce occur exactly 
. at zeros oi w m 
3.2 Convex Surfaces 
An embedded surface S is called convex if there is a contact vector field trans-
verse to it. Ill this paper, all embedded surfaces are oriented and unless otherwise 
specified, all embedded surfaces are assumed to be either closed or compact with 
Legendrian boundary. Actually, the surfaces we will encounter are disks, annulus 
and torus, so we can keep these surfaces in our mind. 
Lemma 3.2.1. (Etnyre [17]) An embedded surface E is convex if and only if 
there is an embedding 0 : E x R —> M such that 0(E x {0}) = E and is a 
vertically invariant contact structure (that is, invariant in the E direction). 
Proof: If E is convex and let v be the transverse contact vector field. The flow 
lines of in a tubular neighborhood of S gives cf). Conversely, if t is the coordinate 
in the M. direction, then (j)^ dt is a contact vector field for e transverse to H • 
From this lemma, in a tubular neighborhood of E we can write our contact 
form as 
a = /? + udt, 
where is a 1-form on E and u is a function on E (i.e. independent of t). Note 
that: 
1. Ee = ker/3. 
2. I] n (7 = {a: e H I u(x) = 0} (recall dt is our contact vector field). 
3. a r\ dot = P /\ (dp + du dt) + udt Adl3 = {pAdu + udP) Adt>0. 
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Lemma 3.2.2. (Etnyre [17]) Let E be an embedded surface in (M, e) and i be the 
inclusion map. Set (3 = i*cx. Then E is convex if and only if there is a function 
u : E —> R such that 
udp -\-p A du>0. 
Proof: If E is convex, we know such u exists from item 3 above. If such u 
exists, we know from item 3 above that (5 + udt is a contact form on E x R. 
The characteristic foliation of E x {0} induced by /? + udt is the same as the 
characteristic foliation of E C M induced by a. Thus by Theorem 1.4.2, there 
is a contactomorphism 0 from a neighborhood of S x {0} to a neighborhood of 
E C M. Then 这 is a contact vector field transverse to E b 
Let w the an area form on E. If Y is a vector field on E. We define the 
divergence of Y to be 
diVwY • w = Lyw. 
We call a zero x oiY divergence free if the divergence of Y vanishes at x. Now 
we define Y by iyw = (5. Then Y is in the kernel of P so Y generates Se. Also, 
since E is convex, we know 
P A du-\- ud(5 > 0 
P A du-\- ud{iYw) > 0 
P /\du + u{LyW — iydw) > 0 
p A du + u{diVyjY)w > 0 
<(=> -du{Y)w + u{diVyjY)w > 0. 
The last line follows because du /\ w = Q (since this is a 3-form on a surface) and 
so 
0 = iyidu Aw) = {iydu) Aw — du A iyw = — du f\ (3. 
For the moment, we see that there exists surface that are not convex. 
Example 3.2.3. Let (r, 6, z) be cylindrical coordinates on M .^ Consider the man-
ifold M = R^/ �where �i s generated by z z + I and e = ker{dz + r^d9). 
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Let Tc = {(r, 9, z) | r = c}. Then Tc is foliated by linear ruling leaves generated 
by (?dz — de. If (3 is as above, then dp = 0 since the foliation is generated by a 
constant vector field. Thus if S is convex, we need to find a function u : Tc M 
such that —du{Y) > 0. This means that u is decreasing along Y (i.e. the flow 
lines) which is impossible • 
Definition 3.2.4. Let F be a singular foliation on a surface E. Let T be a 
union of disjoint simple closed curves and proper arcs with boundary on ^E. All 
components of T are oriented. We say that T divides F if 
1. r is transverse to F. 
2. T. — r is the disjoint union of two surfaces and with 5E+ - dT.= 
3. For some vector field Y generating F and some area form u of S. We have 
± L y ( u j ) � 0 ori H土 and y|r points out 0/E4. 
We also say that T is a set of dividing curves for F • 
Remark: If Fi and [2 both divide F then they are isotopic through dividing 
curves. 
If E is a convex surface in (M, e), in a tubular neighborhood of S we write 
the contact form as a == + udt. We call 
r s = {a： e 丨 w^c) = 0} = I： n (7 
the dividing set of S, here C is the characteristic hypersurface. 
From Lemma 3.2.2，we have 
ud(3 + p /\du> d 
At u{x) = 0, we get 八 d ^ i � 0 which implies du ^ 0. Thus 0 is a regular value 
of u and so Fs is an embedded 1-manifold and the sign of u changes as we across 
Fs which implies E _ Fs is the disjoint union of E+ = {x G E | u(x) > 0} and 
E_ = {x G E I u{x) < 0}. This means if Fs has boundary, it must lie on ^E. We 
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now claim that Fs divides E .^ E+ and are as just defined. Then we orient Fj： 
as 5E+ = — = Ps. If Ps is not transverse to Eg then there would be a vector 
V tangent to both Fs and !；£ at some x € Fj：. Since ker/? gives the characteristic 
foliation and ker(dw) tangent to the dividing set, we would have iy{P 八 du) = 0 
which contradict to the contact condition. It remains condition 3. in Definition 
3.2.4 to be verified. The form w' — ud(3 + /? A oJw is an area form on E. Let Y be 
the vector field determined by iyw' = (3. Then a simple computation gives 
divyj'(—) = 
1 u V? 
^ 士一 d k ； 士 > 0 
u 
=> z b d i i * 士 > 0 on H士. 
Now let A be a small tubular neighborhood of Fs so that the characteristic 
foliation on A is by arcs transverse to dA — {dT, n � .L e t 士 = H士 A (S —⑷. 
w' 
On let w = 士一 on This defines an area form on S — A for which 
u 
土(ii?;^；!^  > 0 on S士. We then extend w over A. 
Theorem 3.2.5. (Giroux [22]) Let E be an embedded surface in (M,e). Then E 
is a convex surface if and only if Eg has dividing curves. 
Proof: If E is convex, the above discussion tells that the dividing set F^ are 
dividing curves for Eg. 
Conversely, assume V divides Eg. Let So be a small tubular neighborhood 
of r in E so that the characteristic foliation on Eq is by arcs running across S � . 
Each component of Eq is either an annulus or strip and its core is transverse to 
He- Let E'士 = S士 n (I： — Eo). On U let p = iyw. On H'士’ let u 三 士 1. 
Thus on E+ U E'_ we have 
u•LyW > 0 
u • dWyjY • w — du{Y)w > 0 (1). 
According to the discussion following Lemma 3.2.2, (3 + udt is a contact form on 
(!]'+ U S'_) X R. Since jS = iyw is well defined on all of E. We just need to extend 
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u over Eo so that (1) is satisfied on all of E. We first slightly enlarge Eq to S'� 
so that EQ is still foliated by arcs transverse to the boundary and EQ is on the 
interior of Eg. Denote h = diVwY. Parameterize an arc A in the foliation of S'� 
as a flow line of V and denote the parametrization as / : [0,1] ^ EQ. Thinking 
of U\A as a function on [0,1], we have u{0) = 1 and w(l) = —1. To extend u over 
A satisfying (1) is equivalent to extend u satisfying 
, du A u/i - — > 0 
at 
since du{Y) is the rate of change of u in the direction of Y. This can be solved 
with a function of the form 
w � =p � 妳))， 
where g{t) satisfies g'{t) < 0, g{t) = 吨)）)-i near t = 0 and g{t)= 
(—E(/�O’TIMT)))—1 NEAR t = I. WE CAN CONSISTENTLY EXTEND u OVER ALL ARC IN SO 
in this way. Now we have a vertically invariant contact form on S x R Since the 
characteristic foliation of E x {0} is the same as E ,^ use Theorem 1.4.2，we can 
find a contactomorphism from a neighborhood of E x {0} to a neighborhood of 
E in M and so S is convex • 
Since any two set of dividing curves are isotopic, from now on, we may use 
Pe to denote any set of dividing curves on a convex surface S. 
Definition: A singular foliation F on E is called almost Morse-Smale if 
1. the singularities are non-degenerate, 
2. each close orbit is non-degenerate (i.e. the Poincare return map is not degen-
erate) , 
3. there are no flow lines running from a negative singularity to a positive 
singularity^ 
Theorem 3.2.6. (Giroux [22]) IfT,^ is almost Morse-Smale then S is convex. 
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3.3 Flexibility of Characteristic Foliation 
If L is a Legendrian knot on an embedded surface E, then we define the twist 
of L relative to E, tw{L, E), to be the twisting of the contact planes e along L 
measured with respect to the framing induced by E on the normal bundle of L. 
Note that if E is a Seifert surface for L, then tw�L, E) = tb{L). 
Theorem 3.3.1. (Giroux [22], Kanda [28]) Let E be an embedded surface in 
(M, e) with nonempty Legendrian boundary. Suppose tw[L, E) < 0 for all bound-
ary components L, then it can be small perturbed near the boundary and then 
C°° small perturbed on the interior so as to become convex. 
Theorem 3.3.2. (Kanda [28]) Let T, be a closed embedded surface in (M, e). 
Suppose L is a Legendrian knot on E such that tw{L, E) < 0，then E can be small 
perturbed relative to L to become convex. 
Definition: Given a contact vector field v. We say an isotopy {(f)s} of an em-
bedded surface E is admissible if 0s(E) is transverse to v for every t, i.e. (^s(E) 
are convex surfaces • 
The following Flexibility Theorem is the most important result in Convex 
Surface Theory. Remind that in Chapter 1 we have shown that the characteristic 
foliation on E determines the contact structure in a neighborhood of S, the 
flexibility theorem tells that actually the dividing curves alone are enough to 
determine the contact structure nearby. 
Theorem 3.3.3. (Flexibility Theorem, Giroux [22]) Given an embedded surface 
T, in a contact manifold {M,e). Let i : T, M be the inclusion map. Suppose 
i(E) is convex with dividing set Tj：. Let F be a singular foliation on E such that 
F is divided byT = Then given any neighborhood U ofi{T.) in M, there 
is an admissible isotopy : E —> M , s G [0,1]； such that 
1. 00 = i, 
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2. (t)s is fixed on r， 
3. (f)s{^) C U for all s, 
4. 0s(5]) is convex with dividing set Fs, 
5. {M^))e = MF)-
We say that an embedded closed curve C on a convex surface S with dividing 
set Fe non-isolating if C fti Fe and every component of S - C intersects F^. 
Theorem 3.3.4. (Legendrian Realization Principle [26]) Let S be an embedded 
convex surface in (M, e) and C a non-isolating curve on E. Then there exists an 
admissible isotopy of E (relative to boundary if it has), as in Theorem 3.3.3, to 
a surface 12' so that C is contained in T!�i.e. C becomes Legendrian. 
The following two results will be useful for the classification of Legendrian 
knots in Chapter 4. 
Theorem 3.3.5. (Kanda [27]) If L is a Legendrian knot on a convex surface E 
with dividing curves Fj：, then 
L,s) = -臺tl(Lnrs) 
and 
r(L)=xCS+)-X(S_). 
In case is a Seifert surface of L, the first formula becomes 
tb{L) = -^i(LnT,：). 
Here, J A denote the cardinality of a set A. 
The following theorem says that the dividing set Fs of a convex surface S can 
not contain contractible components. 
Theorem 3.3.6. (Giroux [22]) IfT, is a convex surface in a tight contact manifold 
(M, e), then the dividing set F^ contains no contractible curves. 
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We will encounter the following situation in the future: there are two convex 
surfaces E and E' intersect along a Legendrian knot L C Their dividing 
curves are related by the following theorem. 
Theorem 3.3.7. (Honda [26]) Suppose E, are convex surfaces, with dividing 
curves F, T' respectively and they intersect in a Legendrian knot L C Let 
AS 二 r n L and S' = r' H L. Then between each two adjacent points in S there is 
one point in S' and vice verse. See the following figure. 
_ 
Fig3.1 The top and bottom are identified. 
3.4 Bennequin Inequality 
The following inequality is very useful to obtain the upper bound of the Thurston-
Bennequin invariants for a given knot type. The proof follows Etnyre [17]. 
Theorem 3.4.1. Let L be a Legendrian knot in a tight contact manifold (M, e) 
with Seifert surface E. Then 
tb{L) + \r{L)\<-x{^). 
Proof: We first prove tb{L) + r{L) < - x ( S ) . 
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We can assume tb{L) < 0. If tb{L) > 0，we perform several negative stabi-
lization on L to get another knot L' such that th{L') < 0. Since tb[L) + r{L)= 
tb{L') + r(L'), proving the inequality for L' will imply the inequality for L. 
Then by Theorem 3.3.1, we can isotop E to become convex. Also, by Theorem 
3.3.5, we know r{L) = x(〜）一 We claim that 
By Theorem 3.3.5, there are -tb{L) arcs in Fs- We have x l S - F s ) = x(^)-tb{L) 
since remove an arc from S either create a disconnected disk or reduce Hi if it is 
still connected. Also we know that - Fs) = U !；_) = + X(S-) . 
Thus we have established the above equality. 
There are at most \tb{L)\-\-1 components in E —F^ and at least 1 of them be-
longs to S_, so there are at most —tb{L) components in E+. For disk component, 
the Euler characteristic is 1 and for non-disk component, the Euler characteristic 
is negative. Thus we have 
x(E+) < - i m . 
Now we have 
tb{L) + r{L) < tb(L) + r{L) - 2tb(L) - 2x(S+) 
=-tb{L) + r(L) - 2x(S+) 
=-tb{L) + x(S+) — x ( S - ) — 2x(S+) 
=-tbiL) - x(5]+) - x(S-) 
= - x ( s + ) 
For another inequality, we can reverse the orientation of L to obtain another 
knot L' with same tb but opposite r. Since they share the same Seifert surface, 
tb{L) — r(L) < —x(S) follows immediately • 
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3.5 Bypass 
We now introduce bypass which is useful to locate destabilization of a Legen-
drian knot and alternate the dividing curves of a convex surface. 
Definition: Let S be a convex surface with dividing curves F and ao a Legendrian 
arc in S that interests F in three points Pi，P2,P3 where pi,ps are end points of 
ao. A bypass is a convex disk D with Legendrian boundary such that 
1. DnH = ao. 
2. th{dD) = —1. 
3. dD = ao U ai. 
4. ao 门 ai = {pi^ps} are corners of D and elliptic singularities of D^ • 
The sign of the singularity on the interior of ao is called the sign of the bypass. 
Fig3.2 
After isotopy we can assume (by Giroux's Flexibility Theorem 3.3.3) that the 
characteristic foliation on D is given as below. 
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Fig3.3 Standard foliation on a bypass. 
3.5.1 Modification of Dividing Curves through Bypass 
We can use the following theorem to alternate the dividing curves pattern of a 
convex surface. 
Theorem 3.5.1. (Honda [26]) Let T, be a convex surface, D a bypass /or E along 
ao C E. Inside any open neighborhood ofHUD there is a one side neighborhood 
A^  = E X [0,1] o / E U D with E = E x {0} and the dividing curves o / E x {1} is 
as shown below. 
Fig3.4 Result of a bypass attachment 
We say E x {1} is obtained from E by a bypass attachment. 
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3.5.2 Relation of Bypass and Stabilizing Disk 
Suppose D' is a stabilizing disk for a Legendrian knot L' and L is the stabi-
lization of L'. Then from L,s perspective D is a bypass. Conversely, if D is a 
bypass for a knot L and L' is the knot obtained from pushing L across D, then 
L is a stabilization of L'. Later we will use bypasses to locate destabilization of 
Legendrian knots. 
3.5.3 Finding Bypass 
We now discuss how to find bypasses in some particular situations which we will 
encounter during the classification of Legendrian knots. Suppose 7 is a dividing 
curve on a convex surface E with d^ C 5E. We say 7 is a boundary parallel 
dividing curve if one of the components of the complement of 7 is a disk which 
contains no other components of the dividing set r^. 
Lemma 3.5.2. (Honda [26]) Let E and S' be convex surfaces which intersect in 
a Legendrian knot L = E' fi E C dYI. If r^/ has a boundary parallel dividing 
curve 7 and JIV — 1，then E' may be is0toped relative to the boundary so that 7 
is isotopic to a Legendrian curve ai such that the disk cut off from is a bypass 
for T, along an Legendrian arc qq C L. 
Proof: 7 cuts off a half-disk Di which does not contain any other dividing 
curves. Take an arc 6 C T,' — Di which is parallel to 7 and does not intersect 
I V . Using Legendrian Realization Principle (Theorem 3.3.4), we can take 6 to 
be a Legendrian arc after possible modification, S cuts off a half-disk D2 C E' 
(containing Di) which can be modified to become a bypass by the Flexibility 
Theorem (Theorem 3.3.3) • 
We need the following two results in Chapter 4. 
Theorem 3.5.3. (Etnyre [17]) Suppose is a convex surface and D a convex 
disk with Legendrian boundary L = dD C E. If tb{L) < —1, then there is a 
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bypass for E along L. 
Proof: Assume th{L) = —n. By Theorem 3.3.5，Td consists of n arcs with 
boundary lie in L. At least one of them must be a boundary parallel dividing 
curve, thus Lemma 3.5.2 finishes the proof • 
Theorem 3.5.4. (Imbalance Principle, Honda [26]) Suppose E is a convex sur-
face, E' = X [0,1] is a convex annulus with Legendrian boundary and L = 
X {0} C E. Iftw{L,I：') < tw{S^ X {1},E') < 0, then there is a bypass for E 
along L. 
Proof: Use Theorem 3.3.5, the dividing set F^' will intersect S^ x {z}, 2\tw{S^ x 
{z}, E')| times. So I V must have more than one component and all dividing arcs 
starting from S^ x {0} cannot run to S^ x {1}. So at least one must be boundary 
parallel and Lemma 3.5.2 finishes the proof • 
3.6 Tight Contact Structures on Solid Tori 
The following results about tight contact structures on solid tori will be used 
in Chapter 4. The proof could be found in [26 . 
Theorem 3.6.1. (Honda [26]) Suppose the solid tori 3 = 3^x0"^ has boundary 
T. If F is a singular foliation on T divided by two dividing curves of slope 
r 
——,r, s > 0， then there are |(ro + l)...(rjt_i + l)(rfc)| tight contact structures on 
s 
S giving F as the characteristic foliation on T where (ro,..., r^) is the continued 
r 
fraction decomposition of——. 
s 
Theorem 3.6.2. (Honda [26]) If the solid tori S^ x has convex boundary T 
with 2 dividing curves. Suppose the slope of the dividing curves is s < 0, then we 
can find a convex torus T' parallel to T inside S^ x D"^ such that T' has same 
characteristic foliation as T but slope of the 2 dividing curves on T' can take any 
value in [s, 0). 
Chapter 4 
Classification Results 
Suppose K is & topological knot type in the standard The aim of Leg-
endrian Knot Theory is to classify Legendrian knots realizing K up to Legendrian 
isotopy. In Chapter 2, we have already introduced two invariants to help distin-
guish different Legendrian knots. In this chapter, we want to show that these 
two classical invariants, the Thurston-Bennequin invariant and the rotation num-
ber, are sufficient to classify Legendrian unknots and Legendrian positive torus 
knots. We say that K is Legendrian simple if two oriented Legendrian knots in 
K are Legendrian isotopic if and only if their Thurston-Bennequin invariants and 
rotation numbers are equal. Therefore the main result of this chapter is 
Theorem 4.0.3. Unknot and positive torus knot in (5^,6：) are Legendrian simple. 
From now on, we use K to denote the topological knot type of unknot or 
positive torus knot. We will follow the following steps (Etnyre and Honda [19]) 
to prove the main result. 
1. Bennequin Inequality (Theorem 3.4.1) tells that the Thurston-Bennequin in-
variants realized by any Legendrian knots in K are bounded above. We will first 
find out what the maximum is and show that there is exactly one Legendrian 
isotopic class attaining the maximal tb. 
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2. Next, we will show that all Legendrian knots realizing K without maximal tb 
destabilize (i.e. are stabilization of other Legendrian knots with higher tb) 
Since stabilization is a well-defined operation on Legendrian knots, the main 
result follows if we carry out these two steps. Note that if K does not has a unique 
Legendrian isotopic class with maximal tb (as in the case of negative torus knot), 
then one more complicated step is involved, see [19 . 
4.1 Unknot 
Theorem 4.1.1. (Etnyre and Honda [19]) In s), unknot is Legendrian sim-
ple. 
Proof : We follow the steps describe above. 
1. The Euler characteristic of a disk is 1. Thus according to the Bennequin 
Inequality, tb{L) < — 1 for any Legendrian unknot L. The following figure shows 
a Legendrian unknot with tb = —1. 
<3 
Fig4.1 
Therefore the maximum tb realized by an Legendrian unknot is - 1 . In this case 
r must be 0 according to the Bennequin Inequality. 
We now claim that any two Legendrian unknots with tb = —1 are Legendrian 
isotopic. 
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Suppose L and L' are two such Legendrian unknots. Let D and D' be disks 
bounded by L and L' respectively. We describe how we perturb D and L but the 
same perturbation holds for D' and L'. Since tb{L) = —1 < 0’ by Theorem 3.3.1, 
D can be perturbed to become a convex disk. Let Fd be the dividing set of D. 
By Theorem 3.3.5 we know {{(P^jflL) = 2 thus Td must be an arc with boundary 
on L. Then by Theorem 3.3.3, we have an admissible isotopy (f)t of E such that 
is of the following form: 
Fig4.2 
Note that is Legendrian isotopic to L so we just denote it L and 
also use D to denote the perturbed surface. Since the same things happen on D', 
we have same the characteristic foliation on them and by Theorem 1.4.2，we can 
find a contactomorphism f : U — U' between neighborhoods of D and D' such 
that / ( L ) = L'. f can be extended to the whole S^ since an embedded ball in U 
and the corresponding image in U' have same foliations on their boundary and 
using Theorem 1.4.3. Use Eliashberg Theorem 1.5.1’ f is contact isotopic to the 
identity map which means L and L' are Legendrian isotopic. 
2. Suppose L is a Legendrian knot with tb < —1 and D is a Seifert disk bounded 
by L. By Theorem 3.3.1, D can be assumed to be convex and then by Theorem 
3.5.3’ there is a bypass along L and thus L destabilize • 
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4.2 Positive Torus Knot 
We have a brief discussion on positive torus knot in S^ first. Let T be a 
standard embedded torus in i.e. S^ = Vq Ut Vi through a Heegaard splitting 
where VI are solid torus. Let fi be the unique homotopic curve on T that bounds 
a disk in V^  and A the unique homotopic curve that bounds a disk in Vi. Orient 
H arbitrarily and then orient A so that fi, A form a positive basis for iJi(T) where 
T is oriented as the boundary of Vq. Up to homotopy any oriented closed curve 
L on T can be written as pfi + qX for some p, g G Z and we say that L has slope 
Let h be the highest common divisor of p and q. Since yX are the same 
p h h 
as p/x + qX, we can assume p and q are relatively prime. We call L an oriented 
(p, g)-torus knot. We can assume \p\ > \q\ since the roles of Vq and Vi can be 
exchanged. 
If we are talking about topological knot type, we can also assume q> 0 since 
p/z + gA and —pfi — qX only differ in orientation. With these assumptions on p and 
q, we know that a (p, g)-torus knot and a q') torus knot belong to the same 
topological knot type if and only lip = p' and q = q'. That means the topological 
knot type uniquely determine the pair (p, q). We denote this knot type as •fQp,�). 
In this chapter, we are only interested in the case p > 0, which we call positive 
torus knot. For negative torus knot which requires more complicated treatment, 
please see [19 . 
Theorem 4.2.1. (Etnyre and Honda [19]) K(p’q) in are Legendrian simple 
for all relatively prime integer pair p, q satisfying \p\> q> 0. 
We state a lemma first before going on. 
Lemma 4.2.2. Let L be a Legendrian {p, q)-torus knot sitting on T. Let he a 
Seifert surface of L. Recall the twisting of L with respect to E is the Thurston-
Bennequin invariant of L. We have 
tw{L,J：) =j}q + tw[L,T). 
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We consider positive torus knots (p > 0) first. 
Theorem 4.2.3. (Etnyre and Honda [19]) Positi/ue torus knot in are 
Legendrian simple, or equivalently, two oriented Legendrian positive (p, q)-torus 
knots in (<S3’£) are Legendrian isotopic if and only if they have same tb and r. 
Again, we follow the steps mentioned at the beginning of this chapter. 
1. The Seifert surface of minimal genus of a Legendrian knot L in jK(p’q) has 
Euler characteristic p + g — pq. Bennequin's Inequality (Theorem 3.4.1) then tells 
us that 
tb(L) + lr(L)l < pq-p-q 
tb < pq-p-q： 
here tb denotes the maximum number that can be realized as the Thurston-
Bennequin invariant of a Legendrian knot L in i^ (p’g). The following Legendrian 
(p, g)-torus knot has tb = pq — p — q so tb = pq — p — q. Note that the rotation 
number of this knot is necessarily 0. 
翁 
Fig4.3 
We now claim that any two Legendrian (p, g')-torus knot L and L' with maxi-
mal tb are Legendrian isotopic. Let T and T' be any standardly embedded torus 
in S^ on which L and L' sit. We describe everything in terms of T and L but the 
same holds for T' and L'. By Lemma 4.2.2, the twisting of L with respect to T 
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is tb{L) — pq = —p — q < 0, then by Theorem 3.3.5，without moving L, we may 
make T convex. Let Ft be the dividing set. By Theorem 3.3.6, we know that 
no component of TT is contractible on T, so IV must contain an even number 
of closed curves. Here, we assume we know the fact that any dividing curve on 
a standardly embedded torus must has negative slope with respect to the basis 
r 
(JJL, A). So we assume there are 2n dividing curves on T with slope ——,r, s G Z+. 
s 
By Theorem 3.3.5 again, we have 
—^tKLniv) = tw(L,T) 
1 ( p - s \ 
=4> — - • 2n • det = —p — q 
‘ / 
=> n{pr + qs) = p-\- q 
=> n = p = q = l{ since p and q are relatively prime). 
Thus r^ consists of two dividing curves with slope —1. 
Now use Giroux's Flexibility Theorem 3.3.3 we may isotop T relative to L so 
that Te is the same as T^. Let VQ U Vi and VQ U V{ be the Heegaard splitting of 
S^ associated to T and T' respectively. Since the slopes of the dividing curves 
are both — 1，we may use the classificatiion of tight contact structures in solid 
tori (Theorem 3.6.1) to find contactomorphisms ： l^ o —> Vi and 02 : VJ — 
Combine </>! and 02, we have a contactomorphism 0 : —> such that (f){L)= 
L'. Then use Eliashberg's result (Theorem 1.5.1) we have a contact isotopy of S^ 
taking L to L', i.e. they are Legendrian isotopic • 
2. Assume L is an oriented Legendrian knot in with th[L) = pq — p — q — 
n < tb, for some positive integer n, we now show L is a stabilization of another 
Legendrian (p, g')-torus knot V. Let T be the standardly embedded tori on which 
L sits and = V"o Ut Vi. We can assume T is convex by Theorem 3.3.5. We 
divide into 2 cases. 
Case 1 : jj of dividing curves is greater than 2 
We first take a vertically invariant neighborhood T x [0,E) inside VQ and let 
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Ti be a parallel copy of T in Vb, i.e. Ti = T x e. By Flexibility Theorem 3.3.3, 
we can perturb T\ (relative to the dividing curves) to become T2 such that the 
characteristic foliation on T2 is standard with meridional ruling curve. Let D be 
a meridional disk bounded by a ruling curve I. The twisting of I with respect 
to D should be equal the twisting with respect to T2 which is negative, so by 
Theorem 3.3.1, we can make D convex relative to I. Since J of dividing curves on 
T2 is at least 4，we know th{l) < - 1 , then by Theorem 3.5.3, there is a bypass for 
T2 on I. By Theorem 3.5.1, we can perturb T2 to T3 such that J of dividing curves 
of T3 is 2 less than T2. Now, by Flexibility Theorem again, slightly perturb Ts 
(relative to dividing curves) so that (Ts)^ is standard with ruling curves has slope 
i.e. all ruling curves are Legendrian (p, g')-torus knots. Then let A = S^ x [0，1 
V 
be an embedded annulus between T and T3 with one boundary L and the other 
boundary a ruling curve L' on T3, since J of dividing curves on T3 is 2 less than 
that on T, by Theorem 3.3.5, we have tw{L, A) < tw{L', A) < 0. So we can make 
A convex relative to L and U. Then by Imbalance Principle (Theorem 3.5.4), L 
destabilize. 
Case 2 : jj of dividing curves equal 2 
111 this case, the slope of the two dividing curves cannot be —1 (By Theorem 
3.3.5). Without loss of generality, we assume the slope is less than —1，otherwise 
we can switch the role of Vq and V\. By Theorem 3.6.2, there is a parallel copy 
Ti of T inside Vq with same characteristic foliation and dividing curves has slope 
—1. Let A = S^ X [0,1] be an embedded annulus with one boundary L and the 
other boundary to be the copy of L ON!}, denote it as L'. Use Theorem 3.3.5, we 
can calculate that tw{L^ A) < tw{L\ A) < 0, so A can be assumed to be convex 
and L destabilize by the Imbalance Principle. 
As a corollary, repeating the above step we will eventually have L = (L) 
where L is the unique Legendrian torus knot with maximal tb and ni, n2 are 
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positive integers determined by tb{L) and r{L) by 
tb{L) = tb — rii — 712 and 
r{L) = ni — 712. 
Moreover, if L is an oriented Legendrian positive (p, g)-torus knot and th[L)= 
pq-p-q-n for some non-negative integer n, then r(L) G {-n, -n + 2 ’ n } • 
Chapter 5 
Transverse Knots 
Transverse knots are being discussed in this chapter. 
5.1 Basic Definition 
Let (R3’ e) denote the standard contact structure e = ker {dz — ydx). A trans-
verse knot T in (E^, £) is a knot that is always transverse to i.e. TpT ® Sp = 
TpR^yp e T. 
The contact form a = dz — ydx defines a co-orientation on e by TR^/s. Let 
(/): A^ i — R3 be a regular parametrization of T. We call T a positive or negative 
transverse knot if a(^'(6)) > 0 or < 0 respectively, \/0 e From now on, we will 
assume our transverse knots are positive, bearing in mind that similar discussion 
holds for negative transverse knots. 
Similar to Legendrian knots, we visualize transverse knots by considering the 
front projection tt : R^ ^ R^^. Then = tt o (/> ： —> R^ is a parametrization 
of the front projection of T. Analytically, the transverse condition is 
dz - ydx{(l)'{e)) > 0 
m - y[e)x\e) > 0 (1). 
Since x'{9) and z'{d) can not both be zero, T^y is an immersion. 
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Proposition: The front projection of a transverse knot T satisfies the following 
two properties: 
1. it has no vertical tangencies pointing downward 
) ( 
Fig 5.1 
2. it does not contain crossing of the following form 
Fig 5.2 
Proof: Vertical tangencies pointing downward requires = 0 and z'(0) < 0 
which contradict to (1), so 1. is true. 
If x'(0o) > 0, from the transverse condition, we know that y(0) < which 
means the y-coordinate of T at o^ is bounded above by the slope of 7r(T) at Oq. 
Similarly, when x'{6) < 0，the y-coordinate is bounded below by the slope of the 
front projection. Thus Fig.5.2 can not occur on the front diagram as the upper 
strand lifts to a positive ？/-coordinate while the lower strand lifts to a negative 
^/-coordinate • 
Two transverse knots T and T' are said to be transverse isotopic if there exist 
an isotopy ht such that ho{S^) = T, hi{S^) = T' and ht{S'^) are transverse knots, 
for all t. We will classify transverse knots up to transverse isotopy. 
Proposition: Any immersion satisfying the above two properties can be lifted 
to a transverse knot well defined up to isotopy through transverse knots. 
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Proof: The graph of the immersion contains a finite number of vertical tangen-
cies. Between any two consecutive vertical tangencies the graph will be either 
one of the following forms (no vertical tangencies pointing downward): 
X �� 0 
Fig5.3 
or the same graph with orientation reverse (correspond to the case x' < 0). 
Their corresponding 年(fi) - 0 graph on x R would be ax 
Fig5.5 
and 





From fig.5.5 and fig.5.6, it is now obvious that we can define a ？/-coordinate 
function up to isotopy such that when 
x'{e) > 0’ y{e) < - 7 ^ , and when x'(e) < a; [tl) 
0, y{0) > — A t x'{9) = 0，the vertical tangency is pointing upward imply 
z'{0) > 0. Property 2 allows us to define y smoothly at crossing point • 
Let T and T' be two transverse isotopic knots. They must also be topological 
isotopic knots so their knot diagrams must be related by a sequence of move 
shown below. 





Move 1 will violate the transverse condition since a downward vertical tan-
gency will be produced. Add arrows in all ways on move 2 and move 3 does not 
violate the transverse condition so they are allowed. That means two transverse 
knot diagrams represent transverse isotopic knots if and only if they are related 
by a sequence of move 2 and move 3 shown above. 
5.2 Self-linking Number 
Let T be a transverse knot in push T a little in the direction of dy to 
obtain a knot T'. The orientation of T' is induced by T. The self-linking number 
sl{T) of T is defined to be the linking number of T and T'. 
On the front diagram of T, the linking number of T and T' equal to the signed 
number of crossings where T is under T', Since each crossing of 7r(T) give rise to 
a crossing of T under T' with the same sign, the self-linking number sl{T) should 
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be equal to the writhe of 7r(T). 
As a corollary, si is a transversal invariant since move 1 and move 2 of Fig. 
5.7 do not change the writhe of the transverse knot. 
5.3 Relation between Transverse Knot and Leg-
endrian Knot 
If a Legendrian knot L is slightly pushed in the direction of its oriented normal 
N of the contact planes, denote the resulting closed curve as T = T-(L). Consider 
a rectangle R with one side on L, one on T and the two remaining sides given by 
e times the normal vector N. Denote by Vl and Vr the tangent vectors to the 
curves L and T respectively. Then up to second order terms in e 









which means that T is a negative transverse knot. We call T the negative trans-
verse push-off of L. It is easy to see that if L and L' are Legendrian isotopic, then 
T—(L) and T-{L') are transversal isotopic. Positive transverse push-off, denoted 
by T+(L), is similarly defined. 
Theorem 5.3.1. Let L be a Legendrian knot, then 
sl(T±) = tb{L)Tr(L). 
Proof [1] [32]: Let E be the Seifert surface of L and extend the horizontal 
normal vector field TV to a vector field on all of E. Push E by e along this field 
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gives a new surface E+ which is a Seifert surface for T+(L) = T = L-\-eN. Let X 
be a nonvanishing transversal vector field defined near E and choose sufficiently 
small positive numbers e and e'. The Thurston-Bennequin number th{L) counts 
how many times L + e'X winds around L with respect to H, or equivalently ’how 
many times L + e'X + eN winds around L + eN with respect to On the 
other hand, sl{T) counts how often L + eiV + e'N winds around T with respect 
to E+. The difference sl{T) - tb{L) is the total variation of the angle of X with 
N along T, or equivalently, along L. But this is the definition of rotation number 
so we have proved the equality for T+(L). The equality for T_(L) is obtained by 
changing a to —a. Then the orientation of E is changed, the normal N becomes 
—N and T+(L) becomes T_(L). Now both si and tb remain unchanged but r 
changes sign • 
We also have Bennequin type Inequality for transverse knot. 
Theorem 5.3.2. Let T be a transverse knot with Seifert surface T>, then 
sm < -x (s ) . 
Proof [17]: The result follows from Bennequin Inequality of Legendrian knots 
if we can prove that T is the positive transverse push-off of a Legendrian knot L. 
Any transverse knot T has a neighborhood N contactomorphic to a neighborhood 
N' of the z-axis in R^/ � ,w h e r e [工,y, z)�、：c,y、z + 1), with contact structure 
e = ker(dz + r^ d )^. Let Tq = {(r,0,z) | r = a}. There is a k such that for a < k 
the torus Ta is in N'. Moreover there is an a < k such that {Ta)e is a foliation 
by curves of slope • for some negative integer n. Let L be a leaf in this foliation. 
Clearly L is Legendrian. Let A be an annulus inside Ta that has one boundary 
component on L and the other on the z-axis. Then by definition, the 2-axis, 
which we can think of as T, is the positive transverse push off of L • 
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5.4 Classification of Unknot and Torus Knot 
In this section, we will see that the classification of transverse unknots and 
torus knots follow from the corresponding Legendrian classification. 
We say that two Legendrian knots L and L' are stably isotopic if there is some 
n and n' such that 5!f(L) = S%{L'). Since th{L) + r(L) = tb(S+{L)) + r(5+(L)), 
a natural invariant of the stably isotopy class is the Stable Bennequin Invariant 
s(L) = tb{L) + r{L). We say that a knot type K is stably simple if Legendrian 
knots in K are stably isotopic if and only if their Stable Bennequin Invariants 
agree and is transversal simple if two transverse knots realizing K are transversal 
isotopic if and only if they have same self-linking number. 
Theorem 5.4.1. If a knot type K is Legendrian simple, then it is stably simple. 
Proof: Let L and L' be two Legendrian knots in K. Suppose their stable Ben-
nequin invariants are the same. That is, 
s{L) = tb{L) + r{L) = tb{L') + r{L') = s{L'). 
There are two cases to be considered. 
Case 1. 
tb{L) 二 tb{V) 
r{L) = r{L') 
Then L and L' are Legendrian isotopic since K is Legendrian simple. 
Case 2. 
tb{L) = tb(L') + n 
r{L) = r{L') - n 
for some positive integer n, then 5'!f(L) has same tb and r as L' which mean that 
they are Legendrian isotopic and so L is stably isotopic to L' • 
Theorem 5.4.2. If a knot type K is stably simple, then it is transversal simple. 
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Proof : Let T and T' be two transversal knots in K with same self-linking num-
bers. Note T has a neighborhood N contactomorphic to (r, 9, z) e {R^x | r < e} 
with the contact structure given by a = dz + r'^dO. For large integers n, if 
are the tori in N with r = then Tn has linear characteristic foliation with 
slope — Let Ln be a leaf in this characteristic foliation. Ln is a Legendrian 
knot in K and 5+(Ln) = Thus from T, we have a well-defined stable iso-
topy class of Legendrian knot and from T, we similarly get L'饥.Now since 
s ( l4 ) = sl{T')sl{T) = s(Ln), by Theorem 5.4.1，there is some m> n and m' > n' 
such that Lm is Legendrian isotopic to L'^. Finally, observe that T+(L饥）=T 
and = T'，we know that T and T' are tranversal isotopic. Thus K is 
transverse simple • 
Corollary 5.4.3. Two positive transverse unknots are transversal isotopic if and 
only if they have same self-linking number. 
Corollary 5.4.4. Forp > 0，two positive transverse (p, q)-torus knots are transver-
sal isotopic if and only if they have same self-linking number. 
Finally, we want to identify the range of self-linking number for unknot and 
torus knot. Remind that the Euler characteristic of any Seifert surface are odd 
and sl{T) = 2(tj of elliptic points — jj of hyperbolic points) — x(S) ’ thus sl{T) can 
take odd integers only. 
Theorem 5.4.5. The self-linking number that can be realized by a transverse 
unknot are the negative odd integers. 
Proof: Let T be an transverse unknot. The Euler characteristic of the Seifert 
disk of T is 1. Then by Theorem 5.3.2 we have sl{T) < - 1 , the following front 
diagram is a transversal realization of unknot with si equal to — (2n - 1) • 
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2 n - 1 twists 
Fig5.8 Transversse knot with sl=-(2n-1) 
Theorem 5.4.6. The self-linking number that can be realized by a positive trans-
verse torus knot are exactly the odd integers less than or equal to pq — p — q. 
Proof: Let T be a transverse (p, g')-toms knot with Seifert surface E. The 
Euler characteristic of E is —{pq — p — q). Thus by Theorem 5.3.2, we have 
sl{T) < pq — p — q. We know there exist a Legendrian knot L in the same 
topological knot type with th{L) = pq — p — q, thus T+(L) attains this maximum 
value for self-linking number. Then we use the following process to get transverse 





Up to now, the only knot types that are completely classified are: Unknot, 
Torus knot, and Figure eight knot. And they are all classified by the classical 
invariants. One may wonder whether there exists any Legendrian knots that the 
Thurston-Bennequin invariant and the rotation number do not form a complete 
set of invariants for them and are there any transversal knots that cannot be 
distinguished by the self-linking number. For transverse knots, there is still no 
known knot type that is not determined by the self-linking number. But for 
Legendrian knots, Eliashberg and Hofer [12] and Chekanov [5] recently produce 
the first example of a knot type which is not Legendrian simple, the 52 knot. The 
method used to distinguish the two 62 knots with same tb and r is a new, powerful 
invariant of Legendrian knots, motivated by the development of contact homology, 
which applies Gromov's holomorphic curve techniques to contact manifolds. For 
more information, see [12 . 
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